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Parametric sensitivity of a two-dimensional pulverized- fuel ( PF) combustion 
model is studied extensively for the effect of parametric uncertainty on model 
predictions. Results show that error in coal devolatilization/oxidation parameters 
has the dominant effect on predicted burnout, NO, formation, local gas temper- 
ature, and coal-gas mixture fraction. Uncertainty in the turbulent particle dispersion 
parameters appears to have a secondary effect, while error in the particle-gas ra- 
diation parameters has little impact on model predictions. Regions of the compu- 
tational domain exhibiting sensitivity to specific parameters are identified. Specific 
parameter sensitivity implies the relative importance of various mechanisms in the 
overall process. Turbulent particle dispersion seems to be important early in the 
reactor with kinetic processes dominating at and following the predicted ignition 
point. Radiation appears to be of minor importance. These results indicate the need 
for a better method of predicting the overall volatiles yield and further understanding 
of the devolatilization/oxidation mechanism and its role in the overall PFcombustion 
process. The study provides fundamental direction for future comprehensive model 
development and focuses on experimental work to better quantify critical input 
parameters. 

Introduction 
Sensitivity analysis has its early roots in stability analysis of 

ordinary differential equations related to classical mechanics 
(Tomovic and Vokobratovic, 1972). More recently, sensitivity 
analysis has been associated with error analysis (Frank, 1978). 
One of the greatest benefits of a sensitivity analysis is the 
physical understanding of a complex process gained by per- 
forming the analysis. 

The general sensitivity problem can be stated as: 

L represents the general mathematical operator, u = 
(ul, u2, u3, ., ., .u,J represents the vector of model outputs 
which are determined by the independent variables x = 
(x,, x,, x3 ,  ., ., .xn) and the model parameters a = ( a I ,  
a,, aj, ., . , .a,,). S= (Sl, S,, S3, ., . , S,,) represents the source 
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terms or forcing functions corresponding to the respective 
equations in the set. All parameters represented by a! have 
some degree of uncertainty over a range: 

a,- < ap<a,+, i=  1, 2, 3, ., ., ., number of parameters (2) 

which can be represented by some probability density function 
(PDF), f(a,), such that the probability (P) that a, is between 
al- and al+ is: 

For completely independent parameters, the probability 
functions for each parameter can be combined to form a joint 
PDF representing the most probable parameter space: 

(4) 
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The main goal of a sensitivity analysis is to simultaneously 
vary all parameters over all probable combinations (repre- 
senting parameter uncertainty) and to quantify the effects this 
variation has on a specified model output. Better estimates of 
the key parameters representing less parametric uncertainty 
can then be used to obtain more realistic model predictions. 

of a particular system one must invariably test the model for 
a finite number of parameter values which characterize the 
system. This represents a crude form of sensitivity analysis 
and would represent a global sensitivity analysis if the model 

Full-scale Sensitivity Study of Complex Models 
The equation set describing pf combustion in PCGC-2 is 

composed of several coupled nonlinear elliptic partial differ- 
ential equations: 

ax 

-1 a (rr. $1 =% (5 )  

a --(;~6) During the initial developmental stages of a numerical model 
ax 

r ar 

were tested at all possible parameter values. Of course, this 
type of analysis is not feasible for realistic problems, so various 
types of sensitivity analysis techniques have been developed to 
approximately examine the total parameter space. These tech- 
niques include one-at-a-time (“brute force”) methods, local 
(finite differences, direct differential and adjoint “Green’s 
function” methods, and global nonlinear (FAST and sto- 
chastic) methods. 

One-at-a-time methods are commonly referred to as trend 
analysis. This entails holding all parameters but one constant 
and observing the effects variations in one parameter have on 
a specific model prediction. This technique does not provide 
complete coverage of the probable parameter space. Linear 
methods require one to vary parameters between a high and 
a low value to approximate the sensitivity coefficient (dui/daj) 
for the ith output function with respect to thejth parameter. 
This method is limited to small parameter ranges because of 
the linear difference approximation to the sensitivity coeffi- 
cient. In most cases, this approximation can only account for 
the direct effects (ui is a function of aj) of a parameter on a 
function. This neglects the possibility that a parameter, not in 
the function, may have an indirect but significant effect on 
the prediction. Finally, global nonlinear methods provide the 
most detailed sensitivity information. These methods can be 
applied over all probable parameter values and account for 
both direct and indirect parameter effects. This last feature 
allows one to investigate the sensitivity of model predictions 
to simultaneous variations in two or more parameters. Each 
method has its place and can provide information about model 
sensitivity to parametric uncertainty. 

Early global sensitivity techniques required great compu- 
tational expense. However, recent development of efficient 
global methods have made it more feasible to conduct com- 
prehensive sensitivity analysis of complex models, such as 
PCGC-2. Efficient techniques, described in the literature, in- 
clude direct methods (Atherton et al., 1975; Dickinson and 
Gilinas, 1976; Caracotsios and Stewart, 1985; Dunker, 1981), 
orthogonal polynomial methods (Cukier et al., 1978; Pierce 
and Cukier, 1981) and methods based on Green’s function 
(Hwang et al., 1978; Dougherty, 1979; Kramer et al., 1981; 
Rabitz et al., 1983). Each of the techniques reviewed have been 
used to study various physical systems. The focus of most 
sensitivity work has been on examining mechanistic chemical 
kinetic systems (Cukier et al., 1973; Boni and Penner, 1977; 
Pierce and Cukier, 1981; Hwang et al., 1978; Hwang, 1983; 
Smooke et al., 1986; Rabitz, 1981). Other work has focused 
on reaction-diffusion systems (Coffee and Heimerl, 1983; Reu- 
ven et al., 1986) and on simple pf combustion systems (Smith, 
1984). The work described herein concerns a sensitivity study 
of a comprehensive model describing a pf combustion system. 

Given the appropriate boundary conditions and source terms, 
it is possible to describe, in the Eulerian sense, the conservation 
of turbulent mass, momentum and energy transport in both 
the gas- and the particle-phases with the general convection- 
diffusion equation shown in Eq. 5 .  A detailed description of 
PCGC-2 is not included here but is well documented elsewhere 
(Smith et al., 1981; Smoot and Smith, 1985). Due to the com- 
plexity of the model, a converged solution requires substantial 
computational effort (approximately 15 CPU hours on a VAX 
11/750). To describe the complex mechanisms occurring in pf 
combustion a large number of physical parameters are re- 
quired. The relationship between model predictions (that is, 
coal burnout, NO, concentration, local gas temperature, and 
so on) and parameters (that is, kinetic rate constants, turbu- 
lence parameters, radiation parameters, and so on) uncertainty 
is nonlinear. These constraints limit the number of parameters 
that can be examined and the type of sensitivity method that 
can be used. 

To make the sensitivity study comprehensive, the method- 
ology must be able to include a reasonable number of model 
parameters (representing the several mechanisms of pf com- 
bustion) and be capable of analyzing a nonlinear response 
surface while requiring a feasible amount of computational 
effort. None of the techniques reviewed in a literature survey 
met these criteria for reasons discussed earlier. Therefore, a 
unique methodology was developed that is particularly useful 
for studying large, complex computer codes requiring sub- 
stantial computational time. This method was established by 
combining two techniques previously developed for different 
applications. The resulting methodology proceeds in two steps. 
The first step employs a linear sensitivity technique or screening 
design to screen the initial parameter set for those parameters 
with primary effects.The second step incorporates a global 
nonlinear sensitivity technique which examines only those pa- 
rameters identified in step one. The procedure used during 
each step of the study will be discussed in the following section. 

Screening design 
Screening designs, or fractional factorial designs, are ob- 

tained by performing a fraction of a total factorial design. In 
the absence of experimental variability, a completely saturated 
fractional factorial design is capable of screening out real pa- 
rameter effects. A completely saturated design consists of n + l 
simulations for n parameters. These techniques are commonly 
employed in quality control of manufacturing processes. A 
screening design is based on the assumptions that functional 
response is well behaved with some curvature but no kinks or 
inflection points in the response surface, and that effects of 
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Table 1. Input Parameters for the Screen Design 

Parameter Name’ Description Range Researchers 
VISCOS (kg/ms ) Approximate laminar viscosity for entire reaction 3.90-552 (lo-’) 

chamber 

dispersion Fletcher (1983) 
PRK Turbulent Prandtl/Schmidt number for particle 0.30 - 1 .OO Smith et al. (1981); 

GAMMA Particle swelling parameter 0.00 - 0.20 Smoot and Pratt (1979) 
XI Particle surface area factor 1 .oo - 2.00 Smoot and Smith (1985) 
EMJ(1,l) (J/kmol) Activation energy for first devolatilization reaction 7.36- 10.46 (lo’) Smoot and Smith (1985) 
EMJ(I.2) (Jlkmol) Activation energy for second devolatilization reaction 16.73- 10.46 (lo’) Smoot and Smith (1985) 
YY(191) Stoichiometric coefficient for first devolatilization 0.30-0.39 Smoot and Smith (1985) 

YY(12) Stoichiometric coefficient for second devolatilization 0.80 - 1 .OO Smoot and Smith (1985) 

EL(1,l) (Jlkmol) Activation energy for char oxidation energy 8.35-9.30 (lo’) 

reaction 

reaction 
Smith et al. (1981); 
Smoot and Smith (1985) 
Singer (1981) 

0.159-0.205 Singer (1981) WIC(I.4) 

WIC(l,5) Elemental mass fraction of nitrogen in coal particles 0.013 -0.016 Singer (1981) 
PHIL Stoichiometric coefficient for oxidizer in char 1.00-2.00 Smith et al. (1981) 

QAB Absorption efficiency for radiation from particles 0.80- 1.00 Smoot and Pratt (1979) 
QSC Scattering efficiency for radiation from particles 0.20 - 0.50 Smoot and Pratt (1979) 
EMW Reactor wall emittance 0.50-0.90 Smith (1984) 

TINFLO Turbulence intensity in the primary inlet stream 0.135 -0.165 Smith et al. (1981); 
Smoot and Smith (1985) 

TINFLO(2) Turbulence intensity in the secondary inlet stream 0.162 - 0.180 Smoot and Smith (1985) 

WIC(1.3) Elemental mass fraction of hydrogen in coal 0.049-0.054 
particles 

particles 
Element mass fraction of oxygen in coal 

reaction 

URF** Gas velocity under relaxation numerical parameter 0.45 - 0.55 

‘FORTRAN variable names from PCGC-2. 
All gas velocity under-relaxation factors were changed together as one parameter. *. 

one factor can depend on the level of one or more of the other 
factors. 

The present study employed a “Plackett-Burman” design 
which is available in multiples of 4 from 4 to 100 runs. A 
saturated design for the 19 parameters shown in Table 1 re- 
quired 20 converged PCGC-2 simulations. The main objective 
of this step was to identify those parameters exhibiting sig- 
nificant primary effects. Higher order effects are not addressed 
during the screening design but are examined thoroughly in 
the final phase of the sensitivity study. 

The parameters shown in Table 1 consist mainly of physical 
parameters describing the combustion process (radiation, tur- 
bulent fluid mechanics, devolatilization, and so on). One nu- 
merical parameter, thought to have a significant effect on 
model predictions, was also included. Parameter ranges were 
established from a literature search or from experts in the field. 
Special effort was made to select parameters completely in- 
dependent from one another to avoid confounding (masking 
important effects by combinations of parameters dependent 
upon each other) during the screening design. To characterize 
the uncertainty in the parameters between their low and high 
extremes some assumption about their probability density 
function was required. In the absence of any information con- 
cerning the error function, a normal distribution is usually 
selected to represent the randomness of the data. In the present 
study, the parameter ranges were identified from the literature 
or expert experience. These ranges represented reasonably 
probable values for the specific parameters. For a normal 
distribution, the ranges indicated in Table 1 would represent 
a three-standard-deviation confidence interval (9% confident 
of observed value being in range). In this study, no one due 

was assumed to be more probable than another in the range 
resulting in the selection of a uniform error function. This 
assumption was not necessary for the screening design but was 
important in the second phase of the study and is discussed 
later. A base case, well characterized by experimental work, 
was identified to provide a mean input data set based on the 
parameters shown in Table 1. Again, only the two extremes 
were used in the screening design and the mean value was not 
used, but was necessary for the second phase of the study. A 
summary of model input describing the reactor geometry and 
the operating conditions for the base case is presented in Table 
2. 

To characterize parameter effects as significant, it was nec- 
essary to select several predicted values from the model. A 
plethora of outputs characterizing the specific case are pro- 
vided by PCGC-2 and it is not feasible to utilize all the in- 
formation in a meaningful manner. Therefore, it was necessary 
to select a subset of the possible outputs that best quantified 
parameter effects. Seven such output values as shown in Table 
3 were identified. Care was taken to select outputs that rep- 
resent the main characteristics (that is, turbulent mixing and 
fluid mechanics processes, homogeneous and heterogeneous 
reaction processes, mass and energy transport processes, and 
so on) of pf combustion. 

To complete the screening design for the initial parameter 
set, input for 20 separate cases was prepared by setting the 
parameters to their low or high value of the ranges shown in 
Table 1 according to the design pattern. Each case was eon- 

verged and values for the output functions shown in Table 3 
were recorded. These values were analyzed to determine pa- 
rameter effects. Effects were classified as significant by a two- 
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Table 2. Summary of Base Case Data Describing Reactor Geometry and Operating Conditions 

Geometry Feed Rates 
Primary tube diameter (m) 0.022 Primary gas (kg/s) 6.228 (lo-’) 
Secondary tube diameter (m) 0.084 Secondary gas (kg/s) 0.019 
Chamber diameter (m) 0.203 Coal in Primary (kg/s) 2.835 (lo-’) 
Chamber length (m) 1.561 
lnlet Gas Properties Reactor Parameters 
Primary swirl number O.OO0 Reactor Pressure (N/m2.m) 8.60 (lo4) 

Primary temperature (K) 300.0 
Primary mole fractions: Particle Parameters 

Primary turbulence intensity (Vo) 15.0 Side wall Temperature (K) 1 ,o00.00 

AR 0.046 Particle solid density (kg/m’) 1,340.0 

N, 0.725 Mass mean 
0 2  0.194 

H 2 0  0.035 High Heating Value, dmmf (J/kg) 2.97 (10’) 

Particle diameter (m) 5.025 (lo-’) Initial analysis: 
Secondary swirl 2.000 raw coal 0.931 
Secondary turbulent intensity (To) 18.0 ash 0.069 
Secondary temperature (K) 589.0 Elemental analysis (daf): 
Secondary mole fractions: C 0.752 

AR 0.009 H 0.051 
N, 0.781 0 0.182 
0 7  0.210 N 0.015 

sided t-test with an 80% confidence interval and 19 degrees of 
freedom. Each output function produced a different subset of 
key parameters. A list of the most crucial parameters was 
formed by combining the results from each output function. 
Table 4 shows the final set of nine (from the original 19) 
parameters chosen for further study. The first six parameters 
shown in Table 4 had a t-statistic greater than the critical t- 
statistic (significant effect) indicating a primary effect. The 
last three parameters had t-statistics less than but very near 
the critical t-value and were included to examine the possible 
nonlinear effects caused by high-order coupling. Together, 
these nine parameters formed the final set for examination in 
the global sensitivity analysis. 

Results from the screening design indicate that uncertainty 
in devolatilization and turbulent particle dispersion parameters 

have a dominant impact on model predictions, as indicated by 
comparing the corresponding t-statistic to the critical value. 
Uncertainty in the radiation coefficient, char oxidation pa- 
rameters and gas-turbulence parameters had a less significant 
(again based on small t-statistics) effect on model predictions. 

Global sensitivity analysis 
After reviewing various techniques capable of performing a 

global sensitivity analysis of PCGC-2, FAST was selected for 
the final step of the sensitivity study. This selection was based 
upon prior experience with the technique and the availability 
of a computer code to perform the analysis (Pierce, 1981). In 
addition, FAST is a well proven technique that has been used 
in several engineering disciplines to aid in validation of math- 

Table 3. Screening Design Output Functions and Results 

Significant 
Output Function Comments Parameters* t-statistic’ 
Carbon conversion Reflects overall combustion EMJ(1,2), - 3.36 

Maximum axial centerline Represents degree of mixing PRK, - 1.54 
gas temperature (K) and combustion GAMMA, - 1.34 

EMJ(1,Z) - 2.91 

at reactor exit (410) characteristics PHIL( 1) 1.39 

Maximum axial flame Reflects devolatilization/ EM J( 1,2) 2.15 
front gas temperature oxidation and flame structure 

characteristics 
Flame front axial Reflects flame structure EMJ(1,2), 3.53 

position in reactor (cm) characteristics PHIL(1) - 1.36 
Carbon conversion at Relationship between particle PRK, 1.23 

flame front (Vo) reactions and gas temperature EMJ(l,2) -3.15 
Percent of total carbon Relationship between particle PRK, - 2.26 

conversion at flame reactions and total carbon EMJ(l,2) - 2.56 
front (To) conversion WIC( 1,4) 1.45 

Mixing cup NO, Reflects pollutant formation PRK, - 1.59 
concentration at characteristics EMJ(1 $2). 2.83 
reactor exit (ppm) QSC - 1.56 

‘FORTRAN variable names from PCGC-2. 
Critical r-statistic for two-sided ?-test with eighteen DOF is 1.33. . I  
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Table 4. Parameters Examined in Step Two of the Sensitivity Study 

Base Value Uncertainty Parameter Units 
Turbulent Particle Schmidt _ _  0.65 0.35 

Number 
Particle Swelling Factor -_ 0.10 0.10 
Activation Energy for High (lo’) J/kmol 20.90 4.20 

Temperature Devolatiliza- 
tion Reaction 

for High Temperature 
Devolatilization Reaction 

Oxidation Reaction 

Oxygen in Particle 

for the Oxidizer in the Char 
Oxidation Reaction 

Primary Gas Stream 

Particle Radiation 

Stoichiometric Coefficient -- 0.90 0.10 

Activation Energy for Char (lo’) J/kmol 8.80 0.40 

Elementary Mass Fraction of _ _  0.18 0.02 

Stoichiometric Coefficient -- 1 S O  0.50 

Turbulence Intensity of _- 0.15 0.05 

Scattering Efficiency for -- 0.35 0. I5 

ematical models (Boni and Penner, 1977; Pierce, 1981; Pierce 
and Cukier, 1981; Smith, 1984; Kuntz et al., 1976; Koda et 
al., 1979; Falls et al., 1979; Tilden et al., 1981). Only a brief 
review of the salient features of the method are given here, 
but a detailed description of the therretical development of 
the techniques is given elsewhere (Cukier et al., 1978). 

FAST statistically varies all parameters simultaneously over 
the probable parameter space in a sinusoidal fashion with a 
specific frequency assigned to each parameter. This method 
was shown to provide a good approximation to the probable 
parameter space (Pierce, 1981). Results from model predic- 
tions, corresponding to unique parameter sets, are Fourier- 
analyzed. The number of unique parameter sets, which cor- 
responds to the number of computer simulations (N), required 
to obtain the sensitivity information for n parameters is ap- 
proximated as: 

NZ n2.s (6) 
More specifically, the total number of simulations required in 
a FAST sensitivity analysis is determined by the maximum 
sampling frequency. This frequency is based on the Shannon 
Sampling Theorem (Jerri, 1965) and the order of accuracy of 
the frequency set (Schailby and Schuler, 1973). 

The Fourier coefficients are used to determine variables that 
quantify sensitivity of the predictions to input uncertainty. The 
average prediction, total deviation of the average prediction 
and the individual contribution to the total deviation caused 
by uncertainty in each parameter are calculated. Using these 
sensitivity variables, the parameter uncertainty causing the 
greatest variance in model predictions can be determined. 

There are two main errors inherent in the FAST technique: 
aliasing and biasing. Aliasing errors occur when the frequencies 
oscillate at a greater rate than the functional sampling rate. 
Cukier (1975) showed that it is necessary to conduct a number 
of simulations equal to at least twice the maximum frequency 
to minimize the aliasing error. The maximum frequency of the 
frequency set is determined by the degree to which the set 
approximates an incommensurate set. Biasing is caused when 
two Or  more of the frequencies of the set combine to form 

another set frequency. Cukier (1975) describes methods used 
to obtain frequency sets free of baising to different levels of 
accuracy. The more accurate the frequency set, the larger the 
maximum frequency and the larger the corresponding increase 
in the required number of model simulations. An in-depth 
study of these two errors in the global sensitivity analysis of 
PCGC-2 was conducted in an earlier study (Smith and Smoot, 
1987) to validate the sensitivity results. 

The sensitivity analysis of PCGC-2 required a large amount 
of computer time even with a small subset of the original list 
of input parameters. To accomplish this portion of the study 
in a reasonable amount of time, the computer calculations 
were performed on the Cray computers at Los Alamos National 
Laboratory in New Mexico. The sensitivity analysis of input 
parameters listed in Table 4 required 323 simulations (based 
on the maximum frequency of the fourth-order frequency set) 
with PCGC-2 to obtain the appropriate sensitivity measure- 
ments. The complete sensitivity analysis required approxi- 
mately 50 CPU hours on a Cray 1s. An analysis of this 
magnitude previously had not been conducted so techniques 
were developed to perform the analysis. In addition to facilitate 
conducting the sensitivity analysis on the Cray computers, 
certain operating procedures were established. 

Because parametric variance was identified from both the 
literature survey and expert experience and because there was 
no most probable value identified in the range, it was desired 
to give equal weighting to all parameter values over their range. 
Thus, the uniform distribution function shown in Eq. 7 was 
used: 

(7) 

where a, is the parameter and N is the number of simulations 
conducted in the analysis. In most cases, the error is assumed 
to have a normal distribution about some mean value. How- 
ever, in this study a uniform error function was utilized to 
represent the knowledge or lack thereof concerning the dis- 
tribution of each parameter over its range. The analysis was 
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conducted with the parameter ranges and the PDFs discussed 
previously. 

Sensitivity Analysis Results 
Results of the sensitivity analysis for each output function 

considering the different parameters are typically characterized 
by three basic variables which can conveniently be established 
from the Fourier coefficients. The Fourier coefficients are 
obtained by transforming the multidimensional parameter 
space (nine dimensions in this case) into a one-dimensional 
search domain. The resulting function is sampled over the 
appropriate number of simulations (323 in this case) and the 
output is Fourier analyzed. The one-dimensional output func- 
tion in "s" can be represented by the Fourier expansion as: 

The first sensitivity variable is the average functional value 
which is computed over all model simulations: 

This represents the best calculation from the model considering 
all possible uncertainties, caused by either experimental error 
or inherent parameter uncertainty. This can be compared to 
a base case calculation with PCGC-2 using mean values for 
the input parameters listed in Table 2. 

The second variable is the standard deviation which repre- 
sents the amount the function deviates from its mean value. 
This is obtained by Parseval's formula for Fourier series: 

where n is the number of simulations. This variable indicates 
regions where the function deviates greatly due to parametric 
uncertainty. Large functional deviation in one region can dom- 
inate code predictions for other regions of the domain. 

The standard deviation does not identify contributions from 
specific parameters. However, it is possible to define partial 
variances (third variable) that represent the fraction of the 
total deviation caused by uncertainty in an individual param- 
eter: 

Coupled partial variances are also calculated and represent the 
fraction of total deviation caused by the coupled effect of 
uncertainty in two parameters: 

This represents variance in the ith output caused by uncertainty 
in thejth and kth parameters. Thus, partial variances indicate 
which parameters have the greatest impact on model predic- 
tions. 

In some cases, not all functional deviation is accounted for 
by the single or double partial variances. This phenomenon 
represents higher-order parameter coupling. A sensitivity vari- 
able, Deviation-Accounted-For (0.) was defined to illustrate 
the high-order coupling between model parameters and model 
predictions: 

" n n  

This variable illustrates regions where the frequency set (Fourth- 
order) used in the sensitivity analysis was not capable of elu- 
cidating parameter interactions. 

Besides the main sensitivity variables, further sensitivity in- 
formation can be obtained by examining the Fourier sine coef- 
ficients. Cukier (1973) shows that this coefficient is directly 
proportional to the linear sensitivity coefficient < dui/daj > 
as : 

au 
aff, 

B;= <-> +0(a2) 

where the second term on the right represents the higher-order 
nonlinear terms. Examination of the sine coefficients provides 
an indication of the relationship between individual parameters 
and specific model output. 

Predicted burnout 
The average predicted burnout over the entire simulation 

set is shown in Figure la. Also shown is the calculated standard 
deviation for the predicted burnout. The calculated standard 
deviation corresponds to a PDF describing probable values of 
predicted burnout. If this PDF were normal then the standard 
deviation shown in Figure l a  would account for about 68% 
of the probable values of predicted burnout. Included in Figure 
l a  are three calculated PDF's derived from frequency plots of 
calculated burnout for all simulations. Reactor locations cor- 
responding to the PDF's are representative of the early reactor 
region (high particle heating rates), the immediate post flame 
region (fuel-rich zone) and the well mixed region (reactor exit). 
Deviation in predicted burnout increases from 0-10% in the 
first region while it reaches a maximum of 15% in the next 
region after which it decreases to about five percent at the 
reactor exit. Also included in this plot is a comparison to both 
the predicted burnout from the base case and the experimen- 
tally measured values (Asay, 1982). 

Figure lb  shows the parameters which account for over 90% 
of the functional deviation in mixing cup (radially averaged) 
burnout along the axial length of the reactor. Uncertainty in 
the activation energy for the high temperature devolatilization 
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Figure 1. 

Axial Length (m) 

Sensitivity for predicted Mixingcup Burnout. 
(a) Comparison of Base case prediction ( - ) to the average 
value prediction ( - ) with associated standard deviation (3). 
Experimental burnout measurements (Asay, 1982) included for 
comparison (-); (b) fraction of  functional deviation attributed to 
individual parameters: activation energy for high temperature de- 
volatilization reaction ( 0  w a), activation energy for char oxi- 
dation reaction ( -.- ), turbulent PrandtVSchmidt number for 
particle dispersion ( -. .- ), stoichiometric coefficient for oxi- 
dizer in char oxidation reaction ( - ), total functional deviation 
accounted for by partial variances ( - ). 

reaction accounts for over 80% of this calculated deviation. 
Even though this partial variance first becomes important in 
the second zone of the reactor where devolatilization begins, 
it dominates the calculated uncertainty in burnout for the re- 
mainder of the reactor. This demonstrated sensitivity in the 
post ignition region of the reactor illustrates the dominant 
effect that overall volatile yield has on the burnout prediction. 
Thus, future work should focus on obtaining accurate meas- 
ures of these parameters with an emphasis on getting accurate 
predictions of the overall volatile yield. 

Both the calculated and the measured values, with the ex- 
ception of two points, lie well within the calculated deviation 
for the predicted burnout. The deviation envelope represents 
a prediction incorporating both the experimental and inherent 
variance in the rate constants required by the devolatilization 
submodel. It is apparent that the two equation devolatilization 
submodel used in PCGC-2 does an admirable job of describing 
the devolatilization process in the reactor in consideration of 
the parameter uncertainty. The first data point is outside the 
deviation, because PCGC-2 predicts the ignition point to be 
earlier in the reactor than the measured data indicate. Both a 
fundamental lack of understanding of the devolatilization 
process (which dominates the location of the ignition point) 
and the experimental technique used to measure this data near 

the ignition point may account for this disparity. Uncertainty 
in the devolatilization submodel parameters produces the 
greatest error in predicting both the ignition point and the 
overall carbon conversion in the early regions of the reactor. 
Thus, uncertainty in the devolatilization parameters may con- 
trol the prediction of ignition point location and the overall 
carbon conversion. However, once ignition occurs the particle 
undergoes rapid heating which leads to further devolatilization 
(Kobayashi et al., 1977). This process continues until the vol- 
atiles have been expelled from the particle. Thus, the particle 
heating rate controls the amount of devolatilization the particle 
will experience. If  ignition is predicted to occur too early in 
the reactor, combustion may be limited by the amount of 
oxidizer available for reaction with the volatiles. This may 
cause lower particle heating rates which would in turn reduce 
the overall volatile yield. Thus, accurate prediction of the ig- 
nition point could control the predicted volatile yield and the 
overall carbon conversion. Further sensitivity work may help 
answer the question of how predicted volatile yield is related 
to ignition point. Regardless of which controls, accurately 
predicting both the overall volatile yield and the ignition point 
are shown to be the dominant factors governing the overall 
coal burnout prediction. Thus, future development work should 
focus on these aspects of the submodel. Also, better predictions 
from the existing devolatilization submodel may be realized 
by obtaining more accurate kinetic data as related to overall 
volatile yield. 

The second largest partial variance is caused by uncertainty 
in the activation energy for the char oxidation reaction. The 
magnitude of this partial variance increases as the partial var- 
iance associated with the devolatilization process decreases 
which shows the initiation of char oxidation. The partial var- 
iance corresponding to char oxidation remains the second larg- 
est contributor to the overall variance in burnout until the last 
portion of the reactor. At this point, uncertainty in the stoi- 
chiometric coefficient for char oxidation reaction becomes the 
second largest contributor to the overall uncertainty in pre- 
dicted burnout. This suggests that the oxidation mechanism 
becomes important near the reactor exit. Thus, it would be 
beneficial to carry out a study of the char oxidation mechanism 
under conditions similar to those which exist in the last portion 
of the reactor. 

The last parameter exhibiting a significant impact on the 
calculated deviation for predicted burnout is the turbulent 
PrandtlISchmidt number. This parameter is associated with 
turbulent particle dispersion. The partial variance correspond- 
ing to this parameter is important very early in the reactor, 
prior to devolatilization. At present, PCGC-2 models the tur- 
bulent particle dispersion process through a Fickian dispersion 
method. Five different size classifications of particles are used 
to model the particle-size distribution in this study. The impact 
that particle-size distribution has on calculations with PCGC- 
2 has previously been demonstrated (Sowa, 1986). The trajec- 
tories of the smaller particles can be influenced by the gas flow 
more dramatically than the large particles. The swirl compo- 
nent of the inlet gas stream has been shown to increase com- 
bustion efficiency via several mechanisms (Sloan and Smoot, 
1986). One such mechanism is the effect that the swirl has on 
helping to mix hot active species with fresh reactants through 
large turbulent diffusion in recirculation zones near the reactor 
inlet. Since smaller particles could be entrained in these recir- 
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culation zones more readily than the large ones, they would 
become an important factor in stabilization of the flame front 
through the devolatilization process. This may explain the ap- 
parent sensitivity of the turbulent disperion parameter. It also 
helps to emphasize the impact that particle-size distribution 
has on overall predictions of coal burnout. 

Another insight gained from this analysis is the fact that 
although devolatilization occurs early in the reactor, it is not 
limited to that region. Indeed, larger particles continue to 
devolatilize throughout the remainder of the reactor. The same 
is true for char oxidation. The smaller particles require less 
time to heat up, and thus they devolatilize first. The larger 
particles require more time to heat up, and will thus devolatilize 
further down the reactor. Therefore, devolatilization and ox- 
idation occur concurrently with the smaller particles burning 
out first, followed by the larger ones. The fact that the small 
particles burnout more quickly can also affect the devolatili- 
zation mechanism. Enhanced burnout of small particles will 
increase the gas temperature which will in turn cause the high 
temperature devolatilization reaction to dominate the low tem- 
perature reaction. This also explains the dominant effect of 
the activation energy for the high temperature reaction in the 
devolatilization mechanism. 

The single partial variances shown in Figure l b  account for 
more than 80% of the total deviation in burnout. This indicates 
that there is no significant two-way or higher parameter cou- 
pling effects present. The same is indicated by the plot of 
Deviation-Accounted-For. Thus, the frequency set selected for 
the second step of the sensitivity study was capable of iden- 
tifying the important parameter sensitivities. 

Predicted NO, concentration 
The predicted average value for NO, concentration is com- 

pared to the predicted NO, concentration from the base case 
in Figure 2a. As before, the two compare very well. However, 
in this instance there appears to be a disparity of about 30 
ppm at the maximum average value. This region also exhibits 
the largest calculated functional deviation (about 200 ppm). 
This occurs in the oxidation zone (zone 3) at about 0.8 meters 
down the reactor. At this point, the oxidizer has mixed thor- 
oughly with the fuel and NO, formation is at a peak. Further 
down the reactor, NO, is converted to nitrogen or reacts het- 
erogeneously with char to form some other nitrogen species. 
Thus, the effects of parameter uncertainty are most important 
in this region of the reactor. 

Figure 2b presents the significant, calculated, partial vari- 
ances caused by parameter uncertainty. As before, the main 
effect is caused by uncertainty in the activation energy for the 
high temperature devolatilization reaction. For the calculated 
burnout this partial variance was insignificant in the very early 
portion of the reactor, suddenly increased in importance at 
the flame front (about 0.1 m down the reactor), and remains 
dominant thereafter. Conversely, for NO,, this partial variance 
is initially dominant at the inlet, decreases dramatically at the 
flame front (about 0.1 m down the reactor), slowly builds in 
importance to the region where NO, formation is at its max- 
imum value (0.8 m down the reactor) and remained dominant 
to the end of the reactor. The Deviation-Accounted-For fol- 
lows much the same path as the partial variance for this pa- 
rameter. There appears to be a large amount of high-order 
coupling at the flame front, although it is impossible to identify 
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Sensitivity for predicted Mixingcup NO, con- 
centration. 
(4 Comparison of Base case prediction ( - ) to the average 
value prediction ( - ) with associated standard deviation (U); 
(b) fraction of functional deviation attributed to individual pa- 
rameters: activation energy for high temperature devolatilization 
reaction (. a), activation energy for char oxidation reaction 
( -0- ), turbulent PrandWSchmidt number for particle disper- 
sion ( -a .- ), particle swelling factor ( - ), total functional 
deviation accounted for by partial variances ( - ). 

which parameter uncertainties cause this coupling, because of 
the frequency set used in this analysis. This is not critical 
though, since the total calculated deviation for NO, at this 
point is only 40 ppm compared to more than 200 ppm later 
on. Also, immediately following the region which indicates 
high-order coupling, the Deviation-Accounted-For increases 
to and remains at more than 90% for the rest of the reactor. 
Thus, the partial variances provide the necessary information 
on the controlling processes. 

Uncertainty in the PrandtVSchmidt number is the second 
most important factor early in the reactor and again at the 
exit of the reactor. This is indicative of the importance of 
turbulent particle dispersion. Particle dispersion was shown to 
be important to coal burnout early in the reactor. This was 
attributed to its effect on flame front formation due to the 
devolatilization of small particles. It follows that this same 
process would affect NO, formation. In this instance, the NO, 
formed would be from nitrogen bound in the fuel structure 
and released during the devolatilization process. Dispersion 
effects, indicated by the corresponding partial variance near 
the reactor, may be due to dispersion of char particles resulting 
in N0,destruction by char oxidation. This could be quantified 
by examining a plot of the sine coefficients. If the coefficients 
are negative, then an increase in this parameter (corresponding 
to an increase in particle dispersion) would result in a decrease 
in the predicted NO, concentration at the reactor exit. 
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Figure 3. Sensitivity for predicted Local Gas Tempera- 
ture. 
(a) Comparison of Base case prediction ( - ) to the average 
value prediction ( -)  with associated standard deviation (D), 
(b) fraction of functional deviation attributed to individual pa- 
rameters: activation energy for high temperature devolatilization 
reaction (. . - .), activation energy for char oxidation reaction 
( -.- ), turbulent PrandtVSchmidt number for particle disper- 
sion ( -a*- ), stoichiometric coefficient for oxidizer in char ox- 
idation reaction ( - ), elemental mass fraction of oxygen in coal 
( - ), stoichiometric coefficient for high temperature devola- 
tilization reaction ( - ), total functional deviation accounted 
for by partial variances ( - ). 

Finally, it is interesting to note the increased effect of un- 
certainty in the particle swelling parameter at the end of the 
reactor. This indicates a link between greater char particle 
surface area and NO, concentration. It may result from the 
formation of fuel NO, by enhancing the release of the re- 
maining nitrogen in the char matrix. 

Local gas temperature 
The average value of the local gas temperature in the axial 

direction and at five radial positions of the reactor is shown 
in Figure 3a. This function is shown in two dimensions to 
illustrate the multidimensional effects involved in modeling pf 
combustion. Again, the average value, calculated during the 
sensitivity analysis, is compared to the base case predictions. 
This comparison shows no major disparities between the av- 
erage temperature and the base case temperature. Also, there 
is relatively very little calculated functional deviation caused 
by parameter uncertainty. The greatest deviation on the cen- 
terline occurs in Zone 1 (flame front) and represents approx- 
imately 600 K.  This deviation is caused primarily by the change 
in the predicted ignition point. Again, it illustrates both the 
difficulty and the importance of predicting this phenomenon. 
As one moves in the radial direction away from the reactor 
centerline, the region of greatest deviation shifts. This indicates 
the two-dimensional nature of the flame. In the first three 
radial positions, the deviation envelope persists for a short 
axial distance in the reactor (corresponding to the flame front). 
The magnitude of the deviation (width of the envelope) be- 
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Figure 4. Sensitivity for predicted Local Coal Gas Mix. 
ture Fraction. 
(a) Comparison of Base case prediction ( - ) to the average 
value prediction ( - ) with associated standard deviation (El); 
(b) fraction of functional deviation attributed to individual pa- 
rameters: activation energy for high temperature devolatilization 
reaction ( -  * - .), activation energy for char oxidation reaction 
( --- ), turbulent PrandtVSchmidt number for particle disper- 
sion ( --*- ), stoichiometric coefficient for oxidizer in char ox- 
idation reaction ( - ), stoichiometric coefficient for high 
temperature devolatilization reaction ( - ), total functional de- 
viation accounted for by partial variances ( - ). 

for each radial position can be identified to provide insight 
into the controlling mechanisms in each reactor region. 

Figure 3b presents the significant partial variances for each 
radial position. As expected, the parameters identified as im- 
portant to burnout and NO, concentration show up here. Spe- 
cifically, the turbulent dispersion, devolatilization, and 
oxidation parameters (Parameters 1 ,  3, 5 and 7 from Table 
4). However, two new parameters show importance; the stoi- 
chiometric coefficient for the high temperature devolatilization 
reaction (Parameter 4) and the elemental mass fraction of 
oxygen in the coal particle (Parameter 6).  It is interesting to 
note that these parameters exhibited marginal importance in 
the screening design. At the first two radial locations (near the 
centerline) where the volatiles are formed, Parameter 4 ac- 
counts for a significant portion of the calculated deviation. 
Even though the partial variance for this parameter is over- 
shadowed by the partial variance caused by Parameter 3, the 
variance caused by uncertainty in this parameter further em- 
phasizes the importance of the devolatilization process. Since 
the devolatilization process occurs at the flame front, it is not 
surprising that this parameter uncertainty is important near 
the centerline and less significant near the outer reactor wall. 
Partial variance caused by uncertainty in Parameter 6 becomes 
important as one moves from the centerline toward the reactor 
wall. This indicates the effect that coal rank has on combustion 
characteristics. According to Singer (198 l ) ,  the elemental ox- 
ygen content of coal is a good guide to coal rank. Thus, the 
impact of this parameter on predicted gas temperature shows 
this relationship. A more detailed discussion of the significance 
of the other partial variances shown in Figure 3b can be found 
elsewhere (Smith, 1987). 

comes smaller until it is almost uniform at the fourth radial 
Point (r= 0.057 m). However, at the last radial point ( r=  0.090 
m) the deviation envelope shows significant increase over the 
last two reactor zones. This indicates the impact parameter 
error would have on heat flux at the wall. Critical parameters 

Local Coal gas mixture fraction 
The average value for the local coal gas mixture fraction as 

a function of both the axial and radial directions in the reactor 
are shown in Figure 4a. Again, these values are compared to 
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those from the base case calculation. Only slight differences 
between the two values are noticeable. These differences occur 
in the first reactor zone corresponding to the flame front. Since 
the coal-gas mixture fraction relates both the mixing and the 
kinetic processes, sensitivity analysis results for this output 
function provide insight into the coupling of these important 
phenomena. This coupling can be seen by noting the large 
calculated functional deviation near the early regions of the 
reactor centerline. Here, the amount of coal-gas evolved varies 
greatly due to the predicted change in flame front location. In 
later regions of the reactor, there is essentially no deviation in 
this output function which indicates no relationship to param- 
eter uncertainty. However, as one moves away from thereactor 
centerline the calculated deviation in the latter regions of the 
reactor becomes more significant. This deviation is caused by 
uncertainty in the devolatilization parameters. As with bur- 
nout, this shows the effect of parameter uncertainty on pre- 
dicting the ignition point and overall volatiles yield. The shift 
in the deviation envelope again illustrates the two-dimensional 
nature of the flame front. This is further illustrated by ex- 
amining the partial variances shown ir. Figure 4b. As before, 
the dominant effects are attributed to the devolatilization and 
oxidation parameters. However, uncertainty in the stoichio- 
metric coefficient for the high temperature devolatilization 
reaction appears significant near the centerline and uncertainty 
in the turbulent dispersion parameter appears important near 
the reactor wall. These apparent significact effects occur in 
regions where the total deviation envelope is relatively small. 
Thus, these partial variances have only a small impact on the 
overall predictions. The observed deviation in the coal-gas 
mixture fraction near the wall most likely is caused by recir- 
culating gas coming from farther down the reactor. This fact 
may be the reason for the apparent impact of the turbulent 
dispersion parameter on the coal-gas mixture fraction near the 
outer wall (as discussed earlier). 

Evalidation of the two-step analysis approach 
Having performed this detailed two-step sensitivity analysis 

of PCGC-2, two questions regarding the study require con- 
sideration: 

1. Are the results of the study biased by doing the linear 
study first and then only considering parameters identified in 
the linear analysis during the nonlinear analysis? 

2. What extra value (additional information) is there in doing 
the second nonlinear step of the analysis? 
These questions can be addressed by reviewing the method- 
ology and results of this study. 

The first question is concerned with the loss of sensitivity 
information caused by only considering parameters in the sec- 
ond nonlinear part of the study that were identified during the 
initial screening design. The first step of the study, a linear 
screening design, is meant to identify the main parameter in- 
teractions. This assumes that primary (one-way) effects cause 
the largest variance in the output functions and that these 
effects can be accurately identified by a linear screening design. 
Also, using an initial screening design to identify primary ef- 
fects can save time. 

The alternative would be to perform a nonlinear analysis of 
the entire parameter set (19 in this case). As indicated earlier, 
to obtain nonbiased results from a nonlinear analysis this would 

require approximately 6,000 simulations (see Eq. 6) .  This level 
of work clearly would be unreasonable, and we require a way 
to reduce the number of simulations required to analyze a 
complex model with large numbers of input parameters. The 
assumption that single parameter effects have the largest im- 
pact on functional variance can be tested by examining the 
results from the second, nonlinear, step of the analysis. 

Examining the one-way parameter interactions shown in 
Figures 1-4 shows that primary effects (partial variance caused 
by error in parameter 3) are much larger than any secondary 
effects (partial variance caused by error in parameter 3 inter- 
acting with the uncertainty in any other parameter). Another 
indication of the validity of this assumption is given by the 
sensitivity analysis variable, 0,. The primary effects shown in 
Figures 1-4 account for more than 80010 of the total functional 
variance in every case. These two facts verify the ability of the 
two-step methodology used during this study to identify key 
parameter effects during the screening design without com- 
prising the results of the overall sensitivity analysis. 

The second question that requires attention is concerned with 
the added benefit of doing the second, nonlinear analysis of 
the study. As pointed out earlier, the model examined during 
this study is composed of several nonlinear, coupled partial 
differential equations and many auxiliary equations required 
to describe the complex processes involved in pulverized-coal 
combustion. Thus, to fully examine the impact that parameter 
uncertainty has on model predictions it is necessary to perform 
a nonlinear analysis. Although no significant coupled partial 
variances (secondary effects) were identified in this particular 
case study, there was no way of insuring this beforehand. And, 
this result does not guarantee that secondary effects will not 
be important in other studies of highly nonlinear systems. 
Thus, without performing the second nonlinear analysis step 
of the present methodology the results of this study would be 
questionable. 

This study demonstrates that future modeling efforts should 
be focused on a better definition of the parameters governing 
particle devolatilizatiodoxidation mechanisms. This effort 
should focus on providing better predictions of the ignition 
point and overall volatile yields. An integral part of that work 
must include efforts to quantify the physical parameters de- 
scribing the turbulent kinetic, mass-transfer, and heat-transfer 
processes involved in the devolatilization/oxidation mecha- 
nisms. Additional work must also focus on developing a better 
definition of the turbulent particle dispersion mechanism. These 
conclusions are not unique to this discussion and work has 
been underway to obtain a better understanding of these mech- 
anisms. The results presented here do conclusively demonstrate 
the need to incorporate the best knowledge (from the labo- 
ratory) concerning critical mechanisms into better numerical 
submodels which make up comprehensive computer models 
describing complex phenomena such as pf combustion. 

Additional sensitivity analysis work should be conducted to 
examine the impact that particle size has on turbulent disper- 
sion and ignition point. The relationship between ignition point 
and volatile yield should also be investigated to determine the 
controlling process according to the two equation devolatili- 
zation submodel presently used in PCGC-2. 

While the results obtained in the sensitivity analysis are case- 
specific, they do focus attention on the critical submodels 
which appear to dominate the predictions. These results pro- 
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vide direction t o  future submodel development as well as ex- 
perimental efforts t o  obtain accurate values of the physical 
parameters required by these submodels. This work also il- 
lustrates the role of  sensitivity analysis as an engineering tool 
t o  be used t o  gain a deeper understanding of the physical 
process being modeled. In addition, the techniques used t o  
perform this study may aid in future sensitivity studies of  large 
computer models describing physical systems in a realistic fash- 
ion. 
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Notation 
A = cosine coefficient in Fourier expansion 
B = sine coefficient in Fourier expansion 

0, = functional deviation accounted for by partial variances 
from FAST 

/ (a , )  = probability density function representing theith parameter 
uncertainty 

L = general mathematical operator in Eq. 1 
n = number of parameters examined in sensitivity analysis 
N = number of simulations conducted in sensitivity analysis 

P(a,) = probability for ith parameter 
r = radial dimension in cylindrical coordinate system 
S = general forcing function or source term in Eq. 1 
S, = single partial variance defined by Eq. 1 I 

S,, = two-way partial variance defined by Eq. 12 
u = axial velocity component 

u ( s )  = one-dimensional search function used in FAST to ap- 
proximate n-dimensional parameter space 

u(x, 01) = vector or model outputs as functions of the independent 
variables (x) and model parameters (a)  

v = radial velocity component 
x = axial dimension in cylindrical coordinate system 

Greek letters 
a = represents a general model parameter 
rm = diffusion coefficient for transport property 6 

p = fluid density (mass/volume) 
a‘ = total variance of function 
4 = transport property 
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